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AN ALTERNATIVE BASIS FOR THE KAUFFMAN BRACKET SKEIN
MODULE OF THE SOLID TORUS VIA BRAIDS
IOANNIS DIAMANTIS
Abstract. In this paper we give an alternative basis, BST, for the Kauffman bracket skein mod-
ule of the solid torus, KBSM(ST). The basis BST is obtained with the use of the Tempereley–
Lieb algebra of type B and it is appropriate for computing the Kauffman bracket skein module
of the lens spaces L(p, q) via braids.
0. Introduction and overview
Skein modules were independently introduced by Przytycki [P] and Turaev [Tu] as generaliza-
tions of knot polynomials in S3 to knot polynomials in arbitrary 3-manifolds. The essence is that
skein modules are quotients of free modules over ambient isotopy classes of links in 3-manifolds
by properly chosen local (skein) relations.
Definition 1. LetM be an oriented 3-manifold and Lfr be the set of isotopy classes of unoriented
framed links in M . Let R = Z[A±1] be the Laurent polynomials in A and let RLfr be the free R-
module generated by Lfr. Let S be the ideal generated by the skein expressions L−AL∞−A−1L0
and L
⊔
O− (−A2−A−1)L, where L∞ and L0 are represented schematically by the illustrations
in Figure 1. Note that blackboard framing is assumed.
Figure 1. The links L, L0 and L∞ locally.
Then the Kauffman bracket skein module of M , KBSM(M), is defined to be:
KBSM(M) = RL/S.
In [Tu] the Kauffman bracket skein module of the solid torus, ST, is computed using diagram-
matic methods by means of the following theorem:
Theorem 1 ([Tu]). The Kauffman bracket skein module of ST, KBSM(ST), is freely generated
by an infinite set of generators {xn}∞n=0, where xn denotes a parallel copy of n longitudes of ST
and x0 is the affine unknot (see Figure 2).
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Figure 2. The Turaev basis of KBSM(ST).
In [La2] the most generic analogue of the HOMFLYPT polynomial, X, for links in the solid
torus ST has been derived from the generalized Hecke algebras of type B, H1,n, which is related
to the knot theory of the solid torus and the Artin group of Coxeter group of type B, B1,n, via
a unique Markov trace constructed on them. As explained in [La2, DL2], the Lambropoulou
invariant X recovers the HOMFLYPT skein module of ST, S(ST), and is appropriate for ex-
tending the results to the lens spaces L(p, q), since the combinatorial setting is the same as for
ST, only the braid equivalence includes the braid band moves (shorthanded to bbm), which
reflect the surgery description of L(p, q). In [FG] the same procedure is applied for the case of
Temperley-Lieb algebras of type B and an invariant V B for knots and links in ST is constructed,
via a unique Markov trace constructed on them, and which is the analogue of the Kauffman
bracket polynomial for knots and links in ST.
In this paper the Kauffman bracket skein module of ST, KBSM(ST), is computed using braids
and algebraic techniques developed in [LR1, LR2, La1, La2, DL1, DL2, DLP, DL4, DL5] and
[FG]. The motivation of this work is the computation of KBSM (L(p, q)) via algebraic means.
The new basic set is described in Eq. 1 in terms of mixed braids (that is, classical braids with
the first strand identically fixed). For an illustration see bottom part of Figure 5.
Our main result is the following:
Theorem 2. The following set forms a basis for KBSM(ST):
(1) BST = {tn, n ∈ N}.
The method for obtaining the basis BST, is the following:
• We start from elements in the standard basis of KBSM(ST), B′ST, presented in [Tu].
Then, following the technique in [DL2], we express these elements into sums of elements
in the Λ, using conjugation and stabilization moves. As shown in [DL2], the set Λ (see
Remark 3), forms a basis for the HOMFLYPT skein module of the solid torus.
• We then express elements in Λ to sums of elements in BST, using conjugation, stabiliza-
tion moves and the Kauffman bracket skein relation.
• We relate the two sets B′ST and BST via an infinite lower triangular matrix and conclude
that the set BST forms a basis for KBSM(ST).
The paper is organized as follows: In §1 we recall the setting and the essential techniques and
results from [La1, La2, LR1, LR2, DL1]. More precisely, we present isotopy moves for knots and
links in ST and we then describe braid equivalence for knots and links in ST. We also present
results from [La2] and [FG] and in particular we present the basis of the Kauffman bracket skein
module of ST in terms of braids and braid groups of type B. In §2 we present results from [DL2]
that are crucial for this paper, and using these results, in §2.4 we present a new basis for the
Kauffman bracket skein module of the solid torus ST, BST. As explained in the beginning of §2,
the importance of the basis BST lies in the fact that the braid band moves or slide moves (that
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Figure 3. The closure of a mixed braid to a mixed link.
reflect isotopy in the lens spaces L(p, q)) are naturally described via BST. Finally in [D] and
starting from BST, the computation of the Kauffman bracket skein module of the lens spaces is
presented.
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1. Preliminaries
1.1. Mixed links and isotopy in ST. We consider ST to be the complement of a solid torus in
S3. As explained in [LR1, LR2, DL1], an oriented link L in ST can be represented by an oriented
mixed link in S3, that is a link in S3 consisting of the unknotted fixed part Î representing the
complementary solid torus in S3 and the moving part L that links with Î. A mixed link diagram
is a diagram Î∪ L˜ of Î∪L on the plane of Î, where this plane is equipped with the top-to-bottom
direction of I (see right hand side of Figure 3).
Consider now an isotopy of an oriented link L in ST. As the link moves in ST, its corresponding
mixed link will change in S3 by a sequence of moves that keep the oriented Î point-wise fixed.
This sequence of moves consists in isotopy in the S3 and the mixed Reidemeister moves. In
terms of diagrams we have the following result for isotopy in ST:
The mixed link equivalence in S3 includes the classical Reidemeister moves and the mixed
Reidemeister moves, which involve the fixed and the standard part of the mixed link, keeping Î
pointwise fixed.
1.2. Mixed braids and braid equivalence for knots and links in ST. By the Alexander
theorem for knots and links in the solid torus (cf. Thm. 1 [La2]), a mixed link diagram Î ∪ L˜ of
Î ∪L may be turned into a mixed braid I ∪ β with isotopic closure. This is a braid in S3 where,
without loss of generality, its first strand represents Î, the fixed part, and the other strands, β,
represent the moving part L. The subbraid β is called the moving part of I ∪ β (see left hand
side of Figure 3).
The sets of braids related to ST form groups, which are in fact the Artin braid groups of type
B, denoted B1,n, with presentation:
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B1,n =
〈
t, σ1, . . . , σn−1
∣∣∣∣∣∣∣∣
σ1tσ1t = tσ1tσ1
tσi = σit, i > 1
σiσi+1σi = σi+1σiσi+1, 1 ≤ i ≤ n− 2
σiσj = σjσi, |i− j| > 1
〉
,
where the generators σi and t are illustrated in Figure 4(i).
Let now L denote the set of oriented knots and links in ST. Then, isotopy in ST is translated
on the level of mixed braids by means of the following theorem:
Theorem 3 (Theorem 5, [LR2]). Let L1, L2 be two oriented links in L(p, 1) and let I∪β1, I∪β2
be two corresponding mixed braids in S3. Then L1 is isotopic to L2 in L(p, 1) if and only if I∪β1
is equivalent to I ∪ β2 in B by the following moves:
(i) Conjugation : α ∼ β−1αβ, if α, β ∈ B1,n.
(ii) Stabilization moves : α ∼ ασ±1n ∈ B1,n+1, if α ∈ B1,n.
(iii) Loop conjugation : α ∼ t±1αt∓1, if α ∈ B1,n.
1.3. The Kauffman bracket skein module of ST via braids. In [La2] the most generic
analogue of the HOMFLYPT polynomial, X, for links in the solid torus ST has been derived from
the generalized Iwahori–Hecke algebras of type B, H1,n, via a unique Markov trace constructed
on them. This algebra was defined by Lambropoulou as the quotient of C
[
q±1
]
B1,n over the
quadratic relations g2i = (q − 1)gi + q. Namely:
H1,n(q) =
C
[
q±1
]
B1,n
〈σ2i − (q − 1) σi − q〉
.
It is also shown that the following sets form linear bases for H1,n(q) ([La2, Proposition 1 &
Theorem 1]):
(2)
(i) Σn = {tk1i1 . . . tkrir · σ}, where 0 ≤ i1 < . . . < ir ≤ n− 1,
(ii) Σ′n = {t′i1
k1 . . . t′ir
kr · σ}, where 0 ≤ i1 < . . . < ir ≤ n− 1,
where k1, . . . , kr ∈ Z, t′0 = t0 := t, t′i = gi . . . g1tg−11 . . . g−1i and ti = gi . . . g1tg1 . . . gi
are the ‘looping elements’ in H1,n(q) (see Figure 4(ii)) and σ a basic element in the Iwahori–Hecke
algebra of type A, Hn(q), for example in the form of the elements in the set [Jo]:
Sn =
{
(gi1gi1−1 . . . gi1−k1)(gi2gi2−1 . . . gi2−k2) . . . (gipgip−1 . . . gip−kp)
}
,
for 1 ≤ i1 < . . . < ip ≤ n − 1 . In [La2] the bases Σ′n are used for constructing a Markov trace
on H := ⋃∞n=1H1,n, and using this trace, a universal HOMFLYPT-type invariant for oriented
links in ST is constructed.
Theorem 4. [La2, Theorem 6 & Definition 1] Given z, sk with k ∈ Z specified elements in
R = C
[
q±1
]
, there exists a unique linear Markov trace function on H:
tr : H → R (z, sk) , k ∈ Z
determined by the rules:
(1) tr(ab) = tr(ba) for a, b ∈ H1,n(q)
(2) tr(1) = 1 for all H1,n(q)
(3) tr(agn) = ztr(a) for a ∈ H1,n(q)
(4) tr(at′n
k) = sktr(a) for a ∈ H1,n(q), k ∈ Z
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Figure 4. The generators of B1,n and the ‘looping’ elements t
′
i and ti.
Then, the function X : L → R(z, sk)
Xα̂ = ∆
n−1 ·
(√
λ
)e
tr (pi (α)) ,
is an invariant of oriented links in ST, where ∆ := − 1−λq√
λ(1−q) , λ :=
z+1−q
qz
, α ∈ B1,n is a word
in the σi’s and t
′
i’s, α̂ is the closure of α, e is the exponent sum of the σi’s in α, pi the canonical
map of B1,n on H1,n(q), such that t 7→ t and σi 7→ gi.
Remark 1. As shown in [La2, DL2] the invariant X recovers the HOMFLYPT skein module
of ST. For a survey on the HOMFLYPT skein module of the lens spaces L(p, 1) via braids, the
reader is referred to [DL3].
Following the same idea as in [La2], in [FG] the analogue of the Kauffman bracket polynomial,
V , for links in the solid torus ST has been derived from the Temperley-Lieb algebra of type B,
TLBn . This algebra is defined as a quotient of the generalized Iwahori-Hecke algebra of type B,
H1,n(q), over the ideal generated by the elements:
(3)
h1,2 := 1 + u (σ1 + σ2) + u
2 (σ1σ2 + σ2σ1) + u
3 σ1σ2σ1, for all 1 ≤ i ≤ n− 2
hB := 1 + u σ1 + v t+ uv (σt+ tσ) + u
2v σtσ + uv2 tσt+ (uv)2 σtσt
Note that in [FG] a different presentation for H1,n is used, that involves the parameters u, v
and the quadratic equations
(4) σ2i = (u− u−1)σi + 1.
One can switch from one presentation to the other by a taking σi = uσi, t = vt and q = u
2.
Since the Temperley-Lieb algebra of type B is a quotient of the Iwahori-Hecke algebra of type
B, in [FG] the authors present the necessary and sufficient conditions so as the Markov trace
factors through to TLBn . Indeed:
Theorem 5. [FG, Theorem 4] The trace defined in Hn(1, q) factors through to TL
B
n if and only
if the trace parameters take the following values:
(5) z = − 1
u(1 + u2)
, s1 =
−1 + v2
(1 + u2)v
.
It is worth mentioning that in [FG] more values of the trace parameters that allow the trace
to factor through to TLBn are presented, but as explained in [FG], only the values in (5) are of
topological interest. Moreover, for those values of the parameters one deduces λ = u4. We
have the following:
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Theorem 6. [FG] The following is an invariant for knots and links in ST:
V Bα̂ (u, v) :=
(
−1 + u
2
u
)n−1
(u)2e tr (pi (α)) ,
where α ∈ B1,n is a word in the σi’s and t′i’s, α̂ is the closure of α, e is the exponent sum of the
σi’s in α, pi the canonical map of B1,n on TL
B
n , such that t 7→ t and σi 7→ gi.
In the braid setting of [La2], the elements of KBSM(ST) correspond bijectively to the elements
of the following set:
(6) B′ST = {tt′1 . . . t′n, n ∈ N}.
The set B′ST forms a basis of KBSM(ST) in terms of braids (see also [Tu]). Note that B′ST is
a subset of H and, in particular, B′ST is a subset of Σ′ =
⋃
nΣ
′
n. Note also that in contrast to
elements in Σ′, the elements in B′ST have no gaps in the indices, the exponents are all equal to
one and there are no ‘braiding tails’.
Remark 2. The invariant V B recovers KBSM(ST). Indeed, it gives distinct values to distinct
elements of B′ST, since tr(tt′1 . . . t′n) = sn1 .
2. The basis BST of KBSM(ST)
In this section we prove the main result of this paper, Theorem 2. Before proceeding with
the proof we present the motivation that lead to the new basis BST of KBSM(ST):
The relation between KBSM(L(p, 1)) and KBSM(ST) is presented in [P] and it is shown that:
KBSM(L(p, 1)) =
KBSM(ST)
< a− bbm(a) >, a in the basis of KBSM(ST).
In order to extend V B to an invariant of links in L(p, q) we need to solve an infinite system
of equations resulting from the braid band moves. Namely we force:
(7) V Bα̂ = V
B
̂bbm(α)
,
for all α in the basis of KBSM(ST).
The above equations have particularly simple formulations with the use of the new basis, BST,
for the Kauffman bracket skein module of ST. This is a very technical and difficult task and is
the subject of a sequel paper.
We now recall results from [DL2] that we will use throughout the paper.
2.1. An ordering in the bases of S(ST). In [DL2] an ordering relation is defined on the sets
Σ and Σ′ which plays a crucial role in this paper. Before presenting this ordering relation, we
first introduce the sets Λ′ and Λ and the notion of the index of a word w, denoted ind(w), in
any of these sets.
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Figure 5. Elements in the different bases of KBSM(ST).
Definition 2. We define the following subsets of Σn and Σ
′ respectively:
(8)
Λ(k) := {tk00 tk11 . . . tkmm | ki ≥ ki+1,
∑m
i=0 ki = k, ki ∈ Z \ {0}, ∀i},
Λ′(k) := {t′0k0t′1k1 . . . t′mkm | ki ≥ ki+1,
∑m
i=0 ki = k, ki ∈ Z \ {0}, ∀i},
Λaug(k) := {tk00 tk11 . . . tkmm |
∑m
i=0 ki = k, ki ∈ Z \ {0}, ∀i},
Λ′(k)
aug := {t′0k0t′1k1 . . . t′mkm |
∑m
i=0 ki = k, ki ∈ Z \ {0}, ∀i}.
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Note that elements in the set Λ(k) have ordered exponents, while elements in Λ
aug
(k) have
arbitrary exponents. Obviously, Λ(k) ⊂ Λaug(k) ⊂ Σn.
Remark 3. In [DL2] the set Λ :=
⋃
k
Λ(k) is showed to be a basis for the HOMFLYPT skein
module of ST.
Definition 3. [DL2, Definition 1] Let w a word in Λ. Then, the index of w, ind(w), is defined
to be the highest index of the ti’s in w. Similarly, in Σ
′ or Σ, ind(w) is defined as above by
ignoring possible gaps in the indices of the looping generators and by ignoring the braiding parts
in the algebras Hn(q). Moreover, the index of a monomial in Hn(q) is equal to 0.
We now proceed with presenting an ordering relation in the sets Σ and Σ′, which passes to
their respective subsets BST and B′ST.
Definition 4. [DL2, Definition 2] Let w = t′i1
k1 . . . t′iµ
kµ · β1 and u = t′j1
λ1 . . . t′jν
λν · β2 in Σ′,
where kt, λs ∈ Z for all t, s and β1, β2 ∈ Hn(q). Then, we define the following ordering in Σ′:
(a) If
∑µ
i=0 ki <
∑ν
i=0 λi, then w < u.
(b) If
∑µ
i=0 ki =
∑ν
i=0 λi, then:
(i) if ind(w) < ind(u), then w < u,
(ii) if ind(w) = ind(u), then:
(α) if i1 = j1, . . . , is−1 = js−1, is < js, then w > u,
(β) if it = jt for all t and kµ = λµ, kµ−1 = λµ−1, . . . , ki+1 = λi+1, |ki| < |λi|, then
w < u,
(γ) if it = jt for all t and kµ = λµ, kµ−1 = λµ−1, . . . , ki+1 = λi+1, |ki| = |λi| and
ki > λi, then w < u,
(δ) if it = jt ∀t and ki = λi, ∀i, then w = u.
The ordering in the set Σ is defined as in Σ′, where t′i’s are replaced by ti’s.
2.2. From B′ST to Λ. In this subsection we recall a series of results from [DL2] in order to
convert elements in B′ST to elements in Λ. In order to simplify the algebraic expressions obtained
throughout this procedure and throughout the paper in general, we first introduce the following
notation:
Notation 1. We set τ
ki,i+m
i,i+m := t
ki
i . . . t
ki+m
i+m ∈ Σ and τ ′
ki,i+m
i,i+m := t
′ki
i . . . t
′ki+m
i+m ∈ Σ′n, for m ∈ N,
kj 6= 0 for all j.
Remark 4. Using Notation 1, elements in B′ST are of the form τ ′0,n := tt′1 . . . t′n, for n ∈ N,
that is B′ST =
{
τ ′0,n
}∞
n=0
. Moreover, we set KST = {τ0,n}∞n=0, and so elements in KST are of
the form τ0,n := tt1 . . . tn, for n ∈ N.
Moreover,
Λ′(k) =
{
τ ′k0,n0,n | ki ≥ ki−1,
n∑
i=0
ki = k, ki ∈ Z\{0}
}
, Λ′ = ⊕
k∈Z
Λ′(k)
Λ(k) =
{
τ
k0,n
0,n | ki ≥ ki−1,
n∑
i=0
ki = k, ki ∈ Z\{0}
}
, Λ = ⊕
k∈Z
Λ(k)
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We also introduce the notion of homologous words, which is crucial for relating the sets B′ST
and KST via a triangular matrix.
Definition 5. [DL2, Definition 4] We say that two words w′ ∈ Σ′ and w ∈ Σ are homologous,
denoted w′ ∼ w, if w is obtained from w′ by changing t′i into ti for all i and ignoring the braiding
parts.
We now recall a result from [DL2] in order to convert monomials in the t′i’s in general to
monomials in the ti’s in Σn. More precisely:
Theorem 7. [DL2, Theorem 7] The following relations hold:
τ ′k0,n0,n = τ
k0,n
0,n + A · τ0,n · w +
∑
j
Bjτj · βj ,
where w, βj ∈ Hn+1(q),∀j, τj ∈ Σn, such that τj < τ0,n,∀j and A,Bj coefficients.
Since now we are only interested in converting elements in the set B′ST to sums of monomials
in the ti’s, we have the following corollary:
Corollary 1. The following relations hold:
(9) τ ′0,n = τ0,n + A · τ0,n · w +
∑
j
Bjτj · βj ,
where w, βj ∈ Hn+1(q),∀j, τj ∈ Σn, such that τj < τ0,n,∀j and A,Bj coefficients.
After expressing an element τ ′0,n ∈ B′ST as sums of elements in Σn, we obtain the homologous
word τ0,n, the homologous word again followed by a ‘braiding tail’ w ∈ TLn and elements in
Σn with possible ‘gaps’ in the indices. In [DL2], using conjugation, monomials in the ti’s with
‘gaps’ in the indices are expressed as sums of monomials in Λ, followed by ‘braiding tails’. For
the expressions that we obtain after appropriate conjugations we shall use the notation =̂. We
recall the following result from [DL2]:
Theorem 8. [DL2, Theorem 8] Let T be a monomial in the ti’s with ‘gaps’ in the indices. The
following relations hold:
(10) T =̂
∑
i
Ai · Ti · wi,
where Ti ∈ Λ(n), such that Ti < T,∀i, wi ∈ TLn+1,∀i, and Ai coefficients.
As shown in [DL2], elements in the set Λ followed by ‘braiding tails’ can be expressed as
sums of elements in Λaug by using conjugation and stabilization moves. For the expressions that
we obtain after appropriate conjugations and stabilization moves we shall use the notation ≃̂.
Indeed, we have the following:
Theorem 9. [DL2, Theorem 10] Let τ ∈ Λ and w ∈ TLn. Then, applying conjugation and
stabilization moves we have that:
(11) τ · w ≃̂
∑
j
Aj · τj,
where Λ(n) ∋ τj < τ , for all j.
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Combining now Theorems 7, 8 & 9 and Corollary 1 we have that an element τ ′ ∈ B′ST can
be expressed as a sum of the homologous word τ ∈ KST and lower order terms in Λ(n). More
precisely, we have the following:
Corollary 2. Let τ ′0,n ∈ B′ST. The following relations hold:
(12) τ ′0,n ≃̂ τ0,n +
∑
i
Ai · τi,
where τi ∈ Λ such that τi < τ0,n ∼ τ ′0,n for all i.
From Corollary 2 we have that monomials τ ′0,n ∈ BST can be expressed as sums of their
corresponding homologous word τ0,n ∈ KST with invertible coefficients, and elements τi ∈ Λ
of lower order than τ0,n. The point now is that the elements τi do not necessarily belong to
KST, but using conjugation and stabilization moves, we will show that these elements can be
expressed as monomials in BST of lower order than τ0,n, and thus, BST spans KBSM(ST). We
deal with these elements in the next subsection.
2.3. From Λ to BST. As explained in the Introduction, our goal is to relate the sets B′ST and
BST via an infinite block diagonal, invertible matrix. From Corollary 2 we have that an element
in B′ST can be expressed as a sum of the homologous word in KST ⊂ Λ and elements in Λ of
lower order. In this subsection we convert elements in Λ to sums of elements in BST. We first
deal with the homologous word τ0,n ∈ Λ of τ ′0,n ∈ B′ST. We have the following:
Proposition 1. Applying conjugation, stabilization moves and relations 3, the following rela-
tions hold:
(13) Λ ∋ τ0,n ≃̂ A · tind(τ0,n)+1 +
ind(τ0,n)∑
i=0
Ai · ti,
where Ai coefficients in the ground ring for all i.
Proof. We prove Proposition 1 by strong induction on the order of τ0,n.
The base of the induction is the monomial tt1 ∈ Λ of index 1. We have that:
tt1 = tσ1tσ1 = σ1tσ1t =
= − 1(uv)2 (1 + uσ1 + vt+ uv(σt+ tσ) + u2vσtσ + uv2tσt) ≃̂
≃̂ − 1(uv)2 (1 + uz + v t+ 2uvzt+ u2v tσ21 + uv2 t2σ1) ≃̂
≃̂ − 1
(uv)2
(1 + uz + v t+ 2uvzt+ u2v t+ u2vz(u − u−1) t+ uv2z t2) =
= (−u−1z) t2 +
1∑
i=0
Ai · ti.
So, Proposition 1 holds for tt1.
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Assume now that Proposition 1 holds for all monomials τi of lower order than τ0,n. Then, we
have:
τ0,n := tt1 (τ2,n) = (tσ1tσ1) (τ2,n) = (σ1tσ1t) (τ2,n) =
= − 1
(uv)2
[
1 + uσ1 + vt+ uv(σ1t+ tσ1) + u
2vσ1tσ1 + uv
2tσt
]
(τ2,n) ≃̂
≃̂ − 1
(uv)2
[
τ2,n + uτ2,nσ1 + vtτ2,n + 2uvtτ2,nσ1 + u
2vtτ2,nσ
2
1 + uv
2t2τ2,nσ1
] ≃̂
≃̂ − 1
(uv)2
t2τ2,nσ1 +
∑
i
Ai · τi, where τi < τ, ∀ i.
According to the ordering relation, on the right hand side of this equation we have the element
t2τ2,nσ1 and a sum of elements of lower order than τ0,n, since the sums of the exponents in the
ti’s in these elements are less than n+1. Moreover, the monomial t
2τ2,nσ1 contains a gap in the
indices, and thus it is of lower order than τ0,n (recall Definition 4). Moroever, this monomial
is followed by the ‘braiding tail’ σ1. According now to Theorems 8 & 9, this element can be
expressed as a sum of elements in Λ(n) of lower order than t
2τ2,nσ1 and hence, of lower order
than τ0,n. By the induction hypothesis the proof is now concluded. 
We now deal with arbitrary elements in Λ and convert them to sums of elements in B(ST).
We will need the following lemmas:
Lemma 1. The following relations hold for all n ∈ N:
tnt1 ≃̂ − 1
u
z tn+1 +
n∑
i=n−1
Ait
i,
where Ai coefficients for all i.
Proof. We prove Lemma 1 by induction on n. For n = 1 we have: tt1 = − 1uz tn+1 +
1∑
i=0
Ait
i
(relations 3). Assume now that the relation is true for n. Then for n+ 1 we have:
tn+1t1 = t · (tnt1)
ind.
≃̂
hyp.
− 1
u
z tn+2 +
n∑
i=n−1
Ait
i+1 = −1
u
z tn+2 +
n+1∑
i=n
Ait
i.

The following lemma will serve as a basis for the induction hypothesis applied in the proof of
the main result of this section.
Lemma 2. The following relations hold for n,m ∈ N:
tntm1 ≃̂ A · tn+m +
n+m−1∑
i=0
Ai t
i,
where A,Ai coefficients for all i.
Proof. We prove Lemma 2 by strong induction on the order of tntm1 ∈ Λaug. The base of the
induction is Lemma 1 for n = 1. Assume that the relations are true for all elements in Λaug of
lower order than tntm1 . Then, for t
ntm1 we have:
tntm1 = t
n−1(tt1)tm−11 = −
1
u2v2
tn−1(1+uσ1+vt+uv
(
σ1t+ tσ1) + u
2vσ1tσ1 + uv
2tσ1t
)
tm−11 =̂
11
=̂ − 1
u2v2
tn−1tm−11 −
1
uv2
tn−1tm−11 σ1 −
1
u2v
tntm−11 −
2
uv
tntm−11 σ1 −
1
v
tn−1tm1 −
1
u
tn+1tm−11 σ1.
The sum of the exponents in the elements tn−1tm−11 , t
ntm−11 and t
n−1tm1 on the right hand side
of the relation are less than n+m, and thus, these elements are of lower order than tntm1 (recall
Definition 4). Applying now Theorem 9 on the elements tn−1tm−11 σ1, t
ntm−11 σ1 and t
n+1tm−11 σ1,
we convert them to sums of elements in Λaug of lower order than tntm1 . The proof is concluded
by the induction hypothesis. 
Theorem 10. Let τ ∈ Λaug(k) . The following relations hold:
τ ≃̂
k∑
i=0
Ai t
i,
where Ai coefficients.
Proof. Consider a monomial τ = tk0tk11 . . . t
kn
n ∈ Λaug. We prove the relations by strong induction
on the order of τ . The basis of the induction is Lemma 2, since it deals with the monomials
of type tntm1 , which are of minimal order among all non-trivial monomials in Λ
aug. We assume
that the statement of Theorem 10 is true for all elements in Λaug of lower order than τ and we
will show that it is true for τ . We have that:
τ = tk0tk11 . . . t
kn
n = t
k0−1 (tt1) t
k1−1
1 . . . t
kn
n =
= tk0−1
[
− 1
(uv)2
(1 + uσ1 + vt+ uv(σ1t+ tσ1) + u
2vσ1tσ1 + uv
2tσ1t)
]
tk1−11 . . . t
kn
n =̂
=̂ − 1
(uv)2
tk0−1tk1−11 . . . t
kn
n − 1uv2 tk0−1tk1−11 . . . tknn σ1 − 1u2v tk0tk1−11 . . . tknn −
− 1
uv
tk0tk1−11 . . . t
kn
n σ1 − 1v tk0−1tk11 . . . tknn − 1u tk0+1tk1−11 . . . tknn σ1 =
= − 1(uv)2 tk0−1tk1−11 τk2,n2,n − 1uv2 tk0−1tk1−11 τk2,n2,n σ1 − 1u2v tk0tk1−11 τk2,n2,n −
− 1
uv
tk0tk1−11 τ
k2,n
2,n σ1 − 1v tk0−1tk11 τk2,n2,n − 1u tk0+1tk1−11 τk2,n2,n σ1
On the right-hand side of this relation we have the following monomials in Λaug:
tk0−1tk1−11 τ
k2,n
2,n < t
k0tk1−11 τ
k2,n
2,n < t
k0−1tk11 τ
k2,n
2,n < τ
k0,n
0,n = τ,
and the monomials tk0−1tk1−11 τ
k2,n
2,n σ1, t
k0tk1−11 τ
k2,n
2,n σ1 and t
k0+1tk1−11 τ
k2,n
2,n σ1 in the Hn(q)-module
Λaug. Applying Theorem 9 on these monomials we have that:
tk0−1tk1−11 τ
k2,n
2,n σ1 ≃̂
∑
i
Ai τi, such that τi < t
k0−1tk1−11 τ
k2,n
2,n < τ
k0,n
0,n , for all i
tk0tk1−11 τ
k2,n
2,n σ1 ≃̂
∑
j
Bj τj, such that τj < t
k0tk1−11 τ
k2,n
2,n < τ
k0,n
0,n , for all j
tk0+1tk1−11 τ
k2,n
2,n σ1 ≃̂
∑
i
Ci τm, such that τm < t
k0+1tk1−11 τ
k2,n
2,n < τ
k0,n
0,n , for all m
and thus, from the induction hypothesis the relation hold.

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2.4. Proof of Theorem 2. Let τ ′0,n ∈ B′(ST) ⊂ Λ(k) ⊂ Λaug(k) . Then:
τ ′0,n ≃̂
Cor. 2
τ0,n +
∑
i=0
Ai · τi ≃̂
Prop. 1
A · tindex(τ+1) +
ind(τ)∑
i=0
Ai · ti +
∑
i=0
Ai · τi
≃̂
Thm. 10
A · tindex(τ+1) +
ind(τ)∑
i=0
Ai · ti +
k∑
i=0
Bi · ti =
∑
i
Ci · ti ⇒
τ ′0,n ≃̂
n+1∑
i=0
Ci · ti,
where Ai, Bi, Ci coefficients. Thus, elements in B′(ST) can be expressed as sums of elements in
B(ST), that is:
The set B(ST) spans the Kauffman bracket skein module of the solid torus.
We now prove linear independence of the set B(ST):
The tn’s geometrically consist of closed loops in the fundamental group of ST. Since pi1(ST) =
Z, tn 6= tm for n 6= m on the level of pi1(ST). This fact factors through to the Kauffman bracket
skein module of ST, since the tn’s can not be simplified neither by applying braid relations, nor
by conjugation and stabilization moves. Moreover, the Tempereley-Lieb type crossing switches
cannot be applied on the tn’s, since they contain no classical crossings in our setting. Thus, the
value of the KBSM(ST) on these elements remains the same as the value of the invariant V B on
these elements.
The proof of Theorem 2 is now concluded.
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